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Abstract 

We study the semibicategory Mre of Moore automata: an arrangement of objects, 1- and 2-cells 
which is inherently and irredeemably nonunital in dimension one. 

Between the semibicategory of Moore automata and the better behaved bicategory Mly of 
Mealy automata a plethora of adjunctions insist: the well-known essential equivalence between 
the two kinds of state machines that model the definitions of Mre and Mly is appreciated at 
the categorical level, as the equivalence induced between the fixpoints of an adjunction, in fact 
exhibiting Mre(A, B) as a coreflective subcategory of Mly(A, B); the comodality induced by this 
adjunction is but the Oth step of a ‘level-like’ filtration of the bicategory Mre in a countable family 
of essential bi-localizations s”Mre C Mre. We outline a way to generate intrinsically meaningful 
adjunctions of this form. We mechanize some of our main results using the proof assistant Agda. 


1 Introduction 


Any arrangement of sets and functions Æ Ax E, E Š B can be interpreted as follows: 
e E as a set of ‘states’, and A, B are sets of ‘inputs’ and ‘outputs’; 


e the function d : E x A —> E is a transition function (specifying a dynamics), and the function 
s: E+ B provides an output given an initial state (specifying a final state). 


Altogether, (d,s) form a Moore automaton or Moore ‘machine’. 

This definition extends to the case where E, A, B are objects of the same monoidal category (K, 8) 
[Ehr+74]; the situation is of particular interest when K is Cartesian or semiCartesian: for example 
K = (Top, x) (and then d, s are continuous, and in particular we can think of f as an action over E of 


the free topological monoid A* on A, cf. [Reu79]}),1 but also K = (Cat, x) (and then f,g are functors, 
cf. [Boc+23a; Gui74; Gui78]), K = Par (the category of sets and partial functions; in this case, f,g are 
‘partially defined’ functions that can fail on certain inputs), or a category of smooth manifolds [Spil6]. 

For fixed input and output A, B the structure of the class Mre(A, B) of Moore automata can be 
described as the strict pullback 


Mre(A, B) > K/B 
w| _ |» (1.1) 


Alg(A ® _) K 


where U : Alg(A ® _) > K is the forgetful functor from the category of endofunctor algebras for 
AQ- : K > K, or -which is equivalent if K has countable colimits— actions of A*, and V : K/B > K 
is the usual ‘domain’ fibration [Jac99, p. 30], [LR20] from the slice over B. Universal constructions are 
induced from the underlying category K (in particular, all colimits and connected limits are created 
by V’, a result we survey in [Boc+23b]). 

As clean as it may seem, this characterisation leaves something out of the story; thinking of objects 
of Mre(A, B) as processes from A to B, it is natural to compose them sequentially, as follows: 


A B Cc 
- aa 


Given (E, f,g) € Mre(A, B) and (F', f',g') € Mre(B,C), we can consider the Moore automaton 

(E x E', f'o f,g' og) € Mre(A, C), defined as 

fl'of:ExE'xA—> Ex E’: (e,e,a) 5 (f(e,a), f (e, ge)) (1.3) 
Jog: ExEH a3Cilee)H g (e) 


This binary composition law is easily seen to be associative up to isomorphism. Now, do the various 
Mre(A, B) in (1.1) arrange as the hom-categories of a bicategory Mre of Moore automata? This would 
be the best situation to be in. 

However, the composition — © — looks irredeemably nonunital, as there is no hope of finding a 
common section A > id, for the domain and codomain endofunctors sending (E, f,g) € Mre(A, B) to 
A and B respectively. Indeed, to find such identity arrows, one should fix a triple (UA, £, y) : Ua © 
Ax U,4,U,4 ~ A such that, at the very least, the compositions (E x Ug, —, —) and (Ua x E, _, _) 
are isomorphic to (E, f,g) in Mre(A, B). So in particular, the carrier U4 must be the terminal object 
/ monoidal unit, which is easily seen to not work. 

Confronted with this problem, two approaches are possible: one can forget about the composition 
law in (1.3), and find one that underlies a bicategory structure; or, one can forget about the absence 
of identity 1-cells, and study the structure exhibited by Mre ‘as it is’. 


lit is worth to remark that here ‘topological’ can -and should- be intended broadly as follows: let E be a Grothendieck 
topos; we can consider Moore automata in E, and then E is an object of EM, the category of €-objects with an action 
of M = A*, the free monoid on A. Cf. also [Rog21] for a thorough study of ‘toposes of monoid actions’ when E = Set. 


Leaning towards the first approach is not recommendable, as the composition law outlined above 
arises by restricting an existing bicategory structure. If we consider more general spans like 


E< AxE<>B, (1.4) 


arranged in the class Mly(A, B), all the nice properties expounded above remain true, while at the 
same time addressing the problem: now that the g is sensitive to the input, the identity 1-cell of an 


object A is given by the span 1 CAs A, given by the two projections. Moreover, this definition 
‘makes sense’, because when K = Set (or for that matter, any Cartesian category) the bicategory Mly 
so determined is just the category of Mealy automata, which is known to be not just a bicategory, but 
the bicategory [KSW97; KSW02; Lav+21] of pseudofunctors and lax natural transformations from N 
(the monoid of natural numbers) to (K,@): a bicategory of ‘lax dynamical systems’, borrowing the 
analogy from [Tie69]. Our choice of composition of 1-cells is then constrained by the fact that _ o _ 
in Mly enjoys a certain universal property, and that in it composing 1-cells restricts to the subcategory 
of spans like (1.4) with g mute in the input variable. 

We are thus led to follow the second path, and recognise that Mre is a semibicategory: a structure 
that is precisely like a bicategory, except that it lacks identity 1-cells. 

The purpose of this note is to initiate the study of Mre qua semibicategory, embracing its (lack of) 
identity and trying to uncover its properties, both regarded as an object of the category of semibicat- 
egories, and related the ‘true’ bicategory Mly where it embeds through a canonical functor J (Defini- 
tion 2.9). 

In particular, assuming K is Cartesian closed, we focus on the precise sense in which the semibicat- 
egory Mre and the bicategory Mly, linked by J, fit into adjoint situations, and we provide a generic way 
of generating such adjunctions; leveraging on the pullback (1.1), and given a similar characterisation 
of Mly(A, B) as a strict pullback in Cat, in Definition 2.1.cF1, all adjunctions 


K/B_i” Alg(Ax _) =K/BA (1.5) 


between slice categories pull back to Mre(A, B) and Mly(A, B). Now categorical algebra provides 
‘standard’ natural ways to obtain such adjunctions, when Ķ is rich enough (e.g., it is locally Cartesian 
closed): pulling back along a morphism or computing direct/inverse images [Joh02, A1.5.3], using 
the 2-functoriality of comma objects in Cat [Kel89], or the structure induced by the whole functor 
Mre(A, B) + K/B x K/B4 obtained from the pullback span (1.1). Each of these constructions yields 
a different adjunction, each of which is of some interest when translating 1-cells of Mre( A, B) and 
Mly(A, B) into ‘machines’ that accept an input of type A and produce an output of type B. In 
particular, we provide J with a right adjoint, just to discover a moment later that J = Do is the Oth 
term of a countable sequence of functors Dn, each of which is a fully faithful left adjoint Dn 4 Kn (cf. 
(3.6)): this way, we obtain a rather intrinsic description for a classical equivalence theorem between 
Moore and Mealy machines [Sha08, pp. 3.1.4, 3.1.5], embedding Mre(A, B) in Mly(A, B) as a coreflective 
subcategory; in Definition 3.9, Theorem 3.10 we give a very explicit description of the coreflector as 
post-composition with a universal Moore cell uX. Adopting a similar point of view in Theorem 3.19 
we prove that a similar adjunction colocalises Mly(A, B) onto the subcategory of what we call soft 
Moore machines (Definition 3.14); again, the coreflector in Theorem 3.19 is post-composition with a 
universal soft automaton pX, that can be characterised (Construction 3.12, Remark 3.16) as a certain 
pullback, or as the image of yet another functor (Remark 3.5) obtained by a change of base/direct 
image adjoint situation (3.7). This situation generalises: it is possible to define a whole hierarchy of 


subcategories s”Mre for n > 1, each of which is the category of D, K,-coalgebras, thus arranged in a 
filtered diagram of coreflective inclusions 


sMre ——> s?Mre ——> Mre (—> ... — Mre (1.6) 


analogous in some regards to the ‘level’ filtration of a topos [KL89; MM19], although the localisations 
in study here are not essential. 

Unsurprisingly, a well-known and ‘solid’ procedure like [Sha08, pp. 3.1.4, 3.1.5] is just a universal 
construction in disguise. However, the interest in such a finding is also pedagogical: if hypothetical 
readers journeyed automata theory in any direction, armed only with bicategory theory, they would be 
able to rediscover natural constructions on state machines by just enacting what they know about more 
familiar universal constructions (composition of 1-cells, bicategorical limits [Kel89; Str76; Bir+89], 
especially of of Kan type,? [Str81] the fundamental calculus of a Cartesian closed category, base 
change adjunctions...). The importance of such serendipity is hard to overestimate. 


2 The semibicategory of Moore machines 


Let’s start by recording a precise definition of the categories of Moore and Mealy machines. Fix a 
monoidal category (K,®) in the background, which we will call the ‘base category’. 


Definition 2.1 (The hom-categories of Mly and Mre). (€%) Fix two objects A, B € Ko; A is to be 
thought of as the ‘input’ object, and B as the ‘output’ object. 

Denote with Alg(A ® _) the category of endofunctor algebras for the functor X + AQ X (or acts, 
cf. [KKMO00]), and (A ® _/B) the comma category of morphisms A ® X —> B. Then, 


CF1) the category Mly(A, B) of Mealy machines with input A and output B is the strict pullback 
square 


Mly(A, B) “> (48 _/B) 
| a |» (2.1) 


Alg(A ® _) K 


CF2) the category Mre(A, B) of Moore machines with input A and output B is the strict pullback 
square 


Mre(A, B) “> K/B 
v| _ |v (2.2) 


Alg(A ® _) K 


if K/B is the comma category of the identity functor id : K — K, and of the constant functor at 
B € Ko.’ 


2Loosely speaking, a ‘bicategorical limit of a Kan type’ is a left or right Kan extension, or a left/right Kan lifting, 
possibly pointwise or absolute. 

3It is worth noting three things: the definition of Mly(A, B) and Mre(A, B) depends on K; every lax monoidal functor 
F : H — K induces base changes pseudofunctors Fy : Mlyz,(A,B) > Mly (FA, FB) -and similarly for Moore; under 
suitable assumptions, this can be extended to a 3-functor from (Cartesian monoidal categories, product-preserving 
functors, Cartesian natural transformations). This is the content of [Boc+23a, Remark 2.6], but it can be deduced in 
one fell sweep from the characterization in [KSW97]. 


Remark 2.2. ({’/) Unwinding the definition, an object of Mly(A, B) is a span HH : EŻ AQE Š B, 
and a morpism f from HH to aaa isan f : E —> F in the base category such that fod=d' o(A@f) 
and s'o (A & f) = s. Similarly, an object of Mre(A, B) is a span Ka EL AQ E,E + B, anda 
morphism f from ol to a is an f : E > F in the base category such that f od = d'o (AQ f) 
and s'o f =s. 


Corollary 2.3. ({Í) An immediate consequence of this definition (cf. [Boc+23b] for the details) is 
that when K is closed and _ ® — separately commutes with small colimits (e.g., when K is closed), 
each category Mly(A, B) and Mre(A, B) is complete and cocomplete: 


e the category Mre(A, B) has a terminal object, the internal hom [A*, B]; 
e the category Mly(A, B) has a terminal object, the internal hom [A+, B].* 


From now on, we assume (K, x) is a Cartesian category (more than often, Cartesian closed). Then, 
a bicategory Mly = Mlyx can be defined as follows (cf. [RSW98] where this is called ‘Circ’, and a more 
general structure is studied, in case the base category has a non-Cartesian monoidal structure —but 
then a clear analogy with Mealy machines is lost): 


Definition 2.4 (The bicategory Mly, [RSW98]). (¢7%) In the bicategory Mly 
e 0-cells A, B,C,... are the same objects of K; 


e 1-cells A — B are the Mealy machines (E,d, s), i.e. the objects of the category Mly(A, B) in 
Equation 2.1, thought as morphisms (s,d): E x A > Bx E in K; 


e 2-cells are Mealy machine morphisms as in Equation 2.1; 


e the composition of 1-cells _ © _ is defined as follows: given 1-cells (s,d): E x A => Bx E and 
(s',d'): Fx B — Cx F their composition is the 1-cell (s'os, d'od) : (Fx E)x A> Cx (Fx E), 
obtained as 


Fx(s,d) (s',d')x E (2.3) 


FXEXxA FxBxE CxFxE; 


the vertical composition of 2-cells is the composition of Mealy machine morphisms f : E => F 
as in Equation 2.1; 


the horizontal composition of 2-cells is the operation defined thanks to bifunctoriality of — è _ 
Mly(B,C) x Mly(A, B) > Mly(A, C); 


e the associator and the unitors are inherited from the monoidal structure of K. 


Remark 2.5 (The universal property of Mly). Regard K as a bicategory with a single 0-cell, and let 
QB be the bicategory of pseudofunctors N —> B, lax natural transformations, and modifications; then 
(cf. [KSW97; KSW02]) there is an equivalence of bicategories Mly S QK. 

4 Assuming countable coproducts in K, the free monoid A* on A is the object Din>do A”; the free semigroup At on 


A is the object $; A”; clearly, if 1 is the monoidal unit of @, A* = 1+ At, and the two objects satisfy ‘recurrence 
equations’ At = A Q At and A* 214+ AQ A*. 


Remark 2.6 (Composition of 1-cells fleshed out). (4f) The composition of 1-cells in Mly happens as 
follows (where we freely employ A-notation available in any Cartesian closed category): 


dz od): Ae fa.(do(f, sı (e, a)), dı (e,a)) 52 O S1 : Aefa.so(f, sı(e, a)) 


Definition 2.7 (Terminal extensions of machines). (€%) 


A A 
e Every Moore machine DA can be extended as E <“— E x A* +B where dô is obtained 


from the universal property of A*, and sô is defined inductively using the distributivity of 
products over coproducts: sı = s and for each n > 2, 


n-1 
Sn i= (E x A” 2 px AT a SA Pe AS ES B). (2.4) 


TN" š E 3 aô s^ 
e Similarly, every Mealy machine HI has an extension E <“—- E x At "+B. 


Remark 2.8. The above procedure defines functors (_)°* : Mre(A, B) — Mly(A*, B) and (_)°* : 
Mly(A, B) + Mly(At,B). We call these the terminal extensions of the Moore/Mealy machines at 
study (due to their link with the terminal morphism in Mre(A, B) and Mly(A, B), cf. [Ehr+74, Ch. 
11] and [Boc+23b]). 


Definition 2.9 (Embedding Mre in Mly). (€%) There is a 2-functor J : Mre > Mly from the category 
of Moore machines to the category of Mealy machines, regarding each Moore machine (E, d,s) as a 
Mealy machine 


Pe pena E —>B (2.5) 
Notation 2.10. Graphical notation is very useful in bookkeeping the structure of a Mealy or Moore 


machine and invaluable in simplifying computations: so, let us depict the generic Mealy (red) and 
Moore (blue) machines with input and output A, B as follows: 


A E B A E B (2.6) 


Instead, when we need to look closer at the structure of a given automaton, we might use the following 
string-diagrammatic notation: the diagrams 


=w OL. (2.7) 


A 


denote the same span of (2.2) forming a Mealy 1-cell (E,d, s) (and d is oriented right-to-left!), and if 
the machine lies in the image of the functor J above, the picture simplifies to 


=E E 8 B (2.8) 


— 4 ——e 


‘ 


(In such a situation, we say that s is ‘Moore’ or ‘of Moore type’.) Adopting this notation the 
composition of (Ed, 81): A— B and (F,d2, s2) : B > C is written 


F 
dg F 
E s1 
F 
g s2 |— C (2.9) 
s1 A dy E 
AS 
S2 © S1 də © dı 


and in case s2 (resp., s1) is Moore, it suitably simplifies. 

From this we deduce at once the following lemma. 
Lemma 2.11 (Moore overrides Mealy, on both sides). (4f) The composition of a Mealy 1-cell HHI 
with a Moore 1-cell IH is a Moore 1-cell | sar 
with a Mealy 1-cell a 


In algebraic terms, the statement reads as follows: the composition bifunctors given in (2.3) restrict 
to bifunctors 


. Conversely, the composition of a Moore 1-cell H 


is a Moore 1-cell | zg l 


J_o _:Mre(B,C) x Mly(A, B) —> Mre(A, C) 


(2.10) 
_oJ_:Mly(B,C) x Mre(A, B) —> Mre(A, C). 


Proof. Immediate using graphical reasoning and the definition of composition in (2.9). 


Remark 2.12. (¢/) Due to the tautological nature of J ‘virtually all’ ways to compose together a 
Moore and a Mealy machine agree: 


J(mon)=moJn J(mon)=Jmon moJn=Jmon J(mon)=JmoJn 


m € Mly,n E€ Mre mE Mre,n € Mly m,n € Mre m,n € Mre a) 
(after the reduction of the involved -terms, we obtain a strict equality.) 
Corollary 2.13 (Moorification functors). For any two objects A, B € Mly there exist functors 
— ap — : Mly(A, B) x Mre( A, A) ——> Mre(A, B) (2.12) 


_ Kap — : Mre(B, B) x Mly(A, B) ——> Mre(A, B) 


Clearly then, given endo-l-cells m : A —> A and n : B —> B in Mre, we can define pre- and post- 
composition operations as Rm = — Xap mand Ly =n xag —, which we will use in Theorem 3.19, 
Theorem 3.10 to characterize functors converting Mealy into Moore machines. 


2.1 The semibicategory structure of Mre 


Corollary 2.14 (Sometimes you have no identity, and that’s ok). The composition of a Moore 1-cell 
|E, d, s| with a Moore 1-cell [F, d’, s’] is a Moore 1-cell [F x E, d'od, s'os]. Hence, if we take as objects 
the same of K, as 1-cells the Mealy machines of Moore type eal : A — B, and considering 2-cells in the 
sense of Remark 2.2, we obtain a sub-semibicategory of Mly, the semibicategory of Moore machines. 
It is important to note that the composition law of Moore machines is inherently nonunital: given the 
composition law defined in Definition 2.4 there can be no other identity 1-cell than | a | : A > A, 
and this is not of Moore type. 


It is worth recording the precise definition of what we denote as a semibicategory; loosely speaking, 
we are considering a weakening of [MBCB02, Definition 1.1] in which we relax the requirement that 
we have strictly associative composition; a semibicategory is then the semicategorical® equivalent of 


5 Semicategories were introduced by Mitchell as ‘categories without identities’ and studied to some extent in [Mit72]; 
semigroupal categories are often studied in relation with their cognates the magmoidal ones (where a mere binary functor 
—~©_:MxM-— M is given, cf. [Dav17]); a semibicategory with a single object, is precisely a (nonstrict) semigroupal 
category, cf. [LYH18] for a proof that semigroupal categories support graphical calculi. 


a bicategory [Bén67], [Gra74, p. 1.3], or again equivalently the multi-object version of semigroupal 
categories (as defined, e.g., in [Boy07, p. 3.3], [LYH18], although in a strict sense; for the weak version 
cf. [Elg04, p. 4.1], or adapt [MBCB02] as we do). Cf. also [Koc08; Koc10]. 


Definition 2.15. ({Í) A semibicategory consists of 

SC1) a collection of objects or 0-cells So; 

sc2) for all objects X,Y € So a category S(X,Y); 

sc3) for all objects X,Y, Z € So a composition bifunctor _o _: S(Y, Z) x S(X,Y) > S(X, Z); 
) 


sc4) forall f: Z > W,g : Y > Z,h : X > Y, an associator isomorphism afgn : fo(goh) = (fog)oh 
(cf. (A.1)). 


The associator morphism must satisfy the usual pentagon equation for all f,g,h,k: the diagram of 
(A.2) is commutative. 


Now, a technical result of a general kind allows replacing the semibicategory of Moore machines 
with a bicategory of ‘Moore machines’, which is identical to Mre in all respects, apart from the fact 
that a class of symbols id4, one for each object A € Ko, has been forcefully added in order to play the 
role of identity 1-cell. 


Theorem 2.16. The obvious forgetful 2-functor MonCat — SgCat admits a left adjoint (_)" : SgCat > 
MonCat. 


Proof. The proof is deferred to the appendix, p. 18. Cf. also Construction A.1. 


3 A plethora of adjoints between machines 


The key observation guiding our intuition throughout the section is the following. 


Lemma 3.1 (Pulling back fibered adjunctions). ({f) Given a commutative cube 


M' — + 3’ 
Z 


M B 


l (3.1) 
A = 


D 


-SK 


A 
K 


assume the front and back vertical faces are strict pullbacks in Cat; then any adjunction F : BS B’:G 
pulls back to an adjunction F” : MS M’ : G’.® 


Proof. Immediate, using the 2-dimensional universal property of the pullbacks involved. 


6A similar result holds, when the bottom horizontal square is replaced by a commutative square of adjunctions in 
the sense of [ML78, p. IV.7]; we will invoke the more general version as well: refer for this to the right part of (A.3). 


Corollary 3.2. Any adjunction F : K/B ZIZ Ax _/B:G fibered over K induces an adjunction 
F : Mre(A, B) =I Mly(A, B): G (3.2) 


fibered over Alg(A x —). (When there is no danger of confusion, we will keep denoting as F 4 G the 
pulled back adjunction. Refer to the left part of (A.3) for the diagram we have in mind.) 


A blanket assumption for all that follows is that K is (locally) Cartesian closed. Then there is an 
evident equivalence of categories (A x _)/B & K/B4; we deduce that: 


Lemma 3.3. There are adjoint triples 


E; d f* Ay : K/B rF K/B (3.3) 


fibered over K, induced by a morphism f’ : B — B4 (or rather by its mate f : A x B > B) pulls back 
to an adjoint triple fibered over Alg(A x _), between Mre(A, B) and Mly(A, B). 


Example 3.4. Let K be locally Cartesian closed; let mrg : A x B — B be the projection on the second 
factor and wg : B — BA its mate; it is well-known that there is a triple of adjoints wp o _ 4 wh 
Ilp, acting respectively as composition, pullback, and direct image for wg [Joh02, A4.1.2]. As a 
consequence, we obtain a triple of functors 


wB o — 1 wp Iles : Mly(A, B) Mre(A, B) (3.4) 


This is not the only way to obtain adjoint situations between machines from adjoint situations 
between comma categories: we can exploit the fact that Lemma 3.1 holds in slightly more generality, 
also for adjunctions that are not fibered over K; thus, 


e any natural transformation œ between A x _ and the identity functor of K induces, by the 
2-dimensional part of the universal property of comma objects, a functor a* between K/B and 
(Ax _)/B =K/B4. But the functor A x _ is a comonad on any Cartesian category, whence 
it’s naturally copointed by the counit e: A x _ => idx; from this, we get a functor 


œ :K/B—+(Ax _)//B=K/BA (3.5) 
pulling back to a functor &* : Mre(A, B) > Mly(A, B). 


e All morphisms inductively defined by the rule d© := mg, d® = d: Ax E > E, d™ := 
do (Ax d'"-))) as in Definition 2.7 induce functors 


D* :K/B—>(Ax _)/B S K/B^4 : s so d™ (3.6) 


pulling back thanks to Lemma 3.1 to a functor D,, : Mre(A, B) > Mly(A, B). 


Adjoint situations like (3.4) however provide a nifty characterization for the precomposition functors 
Mly(u, B) : Mly(A’, B) — Mly(A, B) induced by u : A — A’ in the base category. From u, using the 
Cartesian closed structure of K, we get BY : B4 — BA, from which, applying Lemma 3.1 to the triple 
of adjoints 


BYo _ 4 (BY)* AIL, : K/B4 ey — K/B“ (3.7) 


(same notation of Lemma 3.3) we get a triple of adjoints Mly(A, B) ——> Mly(A’, B) and an identi- 
fication of the leftmost adjoint B” o _ with Mly(u, B) : Mly(A’, B) > Mly(A, B). 
As a direct consequence, 


Remark 3.5. Let K be locally Cartesian closed; then each functor Mly(u, B) : Mly(A’, B) > Mly(A, B) 
sits in a triple of adjoints Mly(u, B) 4 (B“)* 4 Ilu. 


Remark 3.6 (Adjunctions between hom-categories). In case K is locally presentable (e.g., K = Set, 
any Grothendieck topos, a docile category of spaces, etc.) AFTs in their classical form [Bor94b, Ch. 
5], [Bor94a, pp. 3.3.3-3.3.8] applied to «*, D% yield right adjoints R and K,, and thus, by virtue of 
Lemma 3.1 above, we get 


e An adjunction & : Mre(A, B) = Mly(A, B) : R; 


e for evey n > 1 an adjunction Dn : Mre(A, B) = Mly(A, B) : Kn, with Dn fully faithful -and thus 
Kn is a coreflector. 


Among these, especially the second bears some importance to automata theory. We will analyse 
its structure, providing a clean explicit construction for Ko, Kı in the rest of the present section; in 
particular, we will completely characterise the coreflective subcategory of D,,K,-coalgebras. A crucial 
point of our discussion will be that K,, arises as composition u x _ for a universal 1-cell u of Moore 
type, following the notation of Corollary 2.13. 


Remark 3.7 (Biadjunctions between Mly and Mre). The adjunctions in Remark 3.6 constitute the 
action on hom-categories of biadjunctions (cf. [BK81] for an earlier reference, and the notion of a 
left adjoint of a left lax transformation in [Str72, p. 8]. This is a weakening of [Fio06, Ch. 9] that 
drops the request to have adjoint equivalences of hom-categories, replacing them with a family of 
adjunctions indexed over the objects of the two bicategories) E 4 R, {D,, 1 K,, | n > 0} between the 
semibicategory Mre (or equivalently its bicategorical reflection Mre" in the sense of Theorem 2.16) and 
the bicategory Mly of Mealy machines of Definition 2.4. Each of these (2-semi) functors is the identity 
on 0-cells. 


Definition 3.8. In the notation of Equation 3.6, the functors Do and D; are defined respectively as 


‘ ; E E E 
follows: a generic Moore machine ka goes to ka and ri 
horizontal functor in 


, and more in general, Dn is the upper 


K/B Ke 
u| |e (3.8) 
K K 
A”™Xx _ 


adapted from Lemma 3.1 (In the lower rows, the functors X + A” x X are clearly left adjoints). 


Definition 3.9 (The universal Moore machine). (4f) Let X € Ko be an object. There exists a Moore 
machine uX = A in Mre(X, X) where mx : X x X > X is the projection on the first coordinate. 


x idx 
The machine uX can’t be the identity 1-cell in Mre(X, X) by Corollary 2.14 above, but it is ‘as 
near to the identity as a Moore 1-cell can be’ to the identity in Mly(X, X), in a sense made precise 
by the following result: post-composition with uX realizes the Moore machine associated to a Mealy 
machine. 
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Theorem 3.10 (Moorification is composition with a universal cell). (€%) The functor Kı of Re- 
mark 3.6 is naturally isomorphic to the functor Lug = uB x — : Mly(A,B) > Mre(A, B) of Corol- 
lary 2.13. 


Remark 3.11. In layman’s terms, uB = La is the universal machine of Moore type, in the sense 
that sequential composition with it turns every Mealy machine into an ‘equivalent’ Moore machine. 

This is a clean-cut categorical counterpart for the extremely well-known fact that the two concepts 
of Moore and Mealy machines are ‘essentially equivalent’ in a sense made precise by [Sha08, pp. 3.1.4, 
3.1.5]. 


Construction 3.12. (¢%) Let X € Ko be an object. We define a Moore machine pX = Ke in 
Mre(X, X) as follows: 


e its carrier results from the pullback in the base category K 


| 


| _| [ieas (3.9) 


[X*, X] — [X+, X] 


where the lower horizontal map results from the obvious inclusion At —> A* = 1 + AT and head 
picks the element A(a :: as).a.” 


e the map 6x : Po X xX —> PX is defined by restriction to the dynamics of [X*, X] as (f,a) > f; 
e the map ox : Po X > X is defined as f 4 f[]. 


Remark 3.13. Informally speaking, the carrier of pX is the subobject H of [X*, X]® made of those 
functions f : X* > X that on nonempty lists coincide with the head function: f[] is free to assume 
any value whatsoever, while f(a :: as) = a for every nonempty list a :: as. 

Given this, ø : f +> f|] is clearly a bijection. So, it might seem unnecessarily verbose to distinguish 
uX and pX; yet, o is not a Moore machine homomorphism, as the diagrams of (2.2) do not commute 
when filled with ø. 


A property that is stable under isomorphism, enjoyed by P,,A but not A, is the following: the 
diagram 


X x PX © PX 
rr | | (3.10) 
rn « 


commutes for PX but not for X; the same property enforced for uX would entail that V(x,2’) € 
X.x = wv’, a blatantly false statement. 


"In every Cartesian closed category one obtains head : XT — X from the family mı : X” —> X of projections on the 
first coordinate, thanks to the universal property of X+ = Vari Xk”: 

8Indeed, the left vertical map is monic; for the sake of clarity we write as if K = Set, leaving the straightforward 
element-free rephrasing to the conscientious readers. 
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Definition 3.14 (Soft machine, [Bur61]). ({f) A Moore machine HH is called soft if the following 
square commutes: 


AxE—Ż>E 


m| | (3.11) 


E—.>B 


and in simple terms, it can be thought of as a Moore machine whose output map ‘skips a beat and then 
starts computing’, as its terminal extension sê (cf. Definition 2.7) is such that s“(a::as,e) = sê (as, e). 


Clearly, soft Moore machines A — B form a full subcategory sMre(A, B) of Mre(A, B); we denote 
i : sMre — Mre the most obvious locally fully faithful inclusion 2-functor. More is true: 


Lemma 3.15 (Soft machines cut other heads). (Í) Let m : A > B and n : B > C be a Mealy 
machine and a Moore machine; if n is soft, then the composition Jn o m is also soft.? Translated in 
graphical terms, the statement reads as follows, if we depict a soft Moore machine as ~ „n 


(3.12) 


Proof. Immediate by inspection, using graphical reasoning (diagram (3.11) is easy to translate graph- 
ically) and the definition of composition in Equation 2.9. 0O 


Remark 3.16. (¢’/) The Moore machine Ke in Construction 3.12 is soft. 


Corollary 3.17. (€%) Let aT: : A— B bea generic Mealy machine; then, by virtue of Lemma 2.11, 


the composition H= x XAB kali is a Moore machine, and by virtue of Lemma 3.15 it is soft. Hence, 
the functor Lyg : Mly(A, B) > Mre(A, B) factors through the obvious full inclusion i4 : sMre > Mre. 


Remark 3.18. Given that Dı is fully faithful, the unit of the adjunction Dı 4 Kı is a natural 
isomorphism; denote Sı := Dı Kı the comodality (= idempotent comonad) obtained as a consequence. 
Then the category of S,-coalgebras is isomorphic to the category of soft Moore machines. 


PA |. ; 5 : ; 
An object of the form Dra is thus a universal soft Moore machine, in the sense specified by the 
following coreflection theorem: 


Theorem 3.19 (Decapitation as a right adjoint). (4f) The coreflector of the comodality of Re- 
mark 3.18 is naturally isomorphic to the postcomposition functor Lyg = pB x _. 


Similarly, denote S,, = Dn Kn the comodality of the adjunction obtained from Equation 3.6. Then, 
the category of S1-coalgebras is isomorphic to the full category s” Mre of n-soft Moore machines, if we 
understand Definition 3.14 generalised as follows: the square 


(n) 

At x ES 
m| 
E 


— 


E 
s 3.13 
| (3.13) 


Warning: it is not true in general that the composition mo Jn is soft. 
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commutes (cf. (3.6) for the definition of d?). 
Evidently, sMre = stMre C s?Mre and more in general, there is a chain of full inclusions 


sMre ——>+ s?Mre ——> s?Mre (—> ... — Mre (3.14) 


analogous to the ‘level’ filtration of a topos (cf. [KL89; Ken+11; MM19; Roy21; Str00], especially in 
the case of simplicial sets or geometric shape for higher structures indexed over the natural numbers). 

As a final remark, let’s record that the results of Remark 3.5 provide an extremely intrinsic char- 
acterization for the object P.o X of Construction 3.12, and a comparison theorem for the operations 
(_)&*,(_)¢* of terminal extension of a Mealy machine and of a Moore machine expounded in Re- 
mark 2.8. 


Lemma 3.20. (¢%/) The left square in (A.4) commutes (in the notation of (3.7), Mly(t, B) is the 
obvious restriction functor induced by the ‘toList’ map t : At => A*). 


Proof. Immediate inspection. 


Corollary 3.21 (Corollary of Remark 3.5). The functor Mly(t, B) sits in a triple of adjoints Mly(t, B) 4 
x * 
(B*)* 4 Il, where (B*)* is given pulling back a morphism | n along Bt : BA” + BA". 
B 
It follows from an easy inspection that Bt : [A*, B] S B x [At, B] > [A*, B] coincides with the 


projection map, and thus we can consider the right square in (A.4), obtained mating the left square, 
and prove at once that 


Proposition 3.22. The left square of (A.4) is exact, in the sense of [Gui80; Gui81; Pav91] or [Jac99, 
1.8.9.(b)]. This is to say, 0 in the right diagram ibid. is invertible. 


Now let head : 1 > [At, A] be the morphism in (3.9): from Remark 3.5 we get a functor head” of 
pullback along head (with both a left and a right adjoint), and an isomorphism between the Moore 
machine pX and (A*)* (head). 


4 Future plans 


Among many, we are left with three questions: 


e What is the filtered colimit of the chain s”Mre > s”+! Mre, and are these inclusions coreflective 
as well? 


e Can we find a representation for all Kn in terms of postcomposition with universal 1-cells? In 
other words, can we find the universal n-soft machine, perhaps adapting Construction 3.12? 


e Theorem 3.10 and Theorem 3.19 characterize Ko, Kı as postcomposition; but then Do, Dı are 
left liftings in Mly: can we deduce something meaningful from this intrinsic characterization? 1° 


10Observe that the existence of right liftings [Lor21, p. 2.1.3] can be ruled out by the fact that postcompositions do 
not preserve colimits in general. 
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A Diagrams and Proofs 
A.1 Diagrams 


So x So X So BONS So x So 


fo((goh)ok) ((Fog)oh)ok (A.2) 


Mly(A, B) a x _/B _Miy(A, B) a x _/B 
M4 : K/B a | M4 : K/B a 
| Alg(A x _) —— Pa | Alg(A x _) —— a 
Alg(A x _) 7 a Alg(A x _) oe 
(A.3) 
Mre(A, B) > Mly(A*, B) Mre(A, B) <> Mly(A*, B) 
ni| mva B) r oÑ Jor (A.4) 
Mly(A, B) —> Mly( A+, B) Mly(A, B) —> Mly(A+*, B) 
A.2 Proofs 


This is essentially the argument that appears in passing in [LYH18], extended from strict semigroupal/- 
monoidal categories to non-strict ones. 


Construction A.1. Let S be a semigroupal category with underlying category So and equipped with 
a bifunctor -8 _: So x So > So satisfying the associativity axiom. We define S" as follows: 


e the underlying category (S")o is the coproduct So + 1, where 1 is the terminal category with 
unique object L; 


e the ‘extended’ multiplication functor 


~@" _: (So +1) x (So +1) S (So x So) + (So x 1) + (1 x So) + (1 x 1) —+ So +1 (A.5) 
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is defined piecewise as S @" S’ = S @ S’ if S,S’ E€ So and L @"S’ = S’, L @" L=L. (Notice in 
particular that in case S had a monoidal unit, L ‘replaced’ it: we have added L as a free unit.) 
On morphisms we follow a similar strategy; there is only an identity in 1, and no morphism 
L5 S, so we just have to define f ®" g := f & g and id, ®" id, =id,, f @" id, = f, id, @"g 
are forced to be f and g respectively, if we want that &" sends identities to identities, and that 
is is bifunctorial. Thus, L &"_ and -&" L are strictly the identity functors of the category (S")o. 


Proof that the functor in Theorem 2.16 is a left adjoint. First of all let’s specify the last (straightfor- 
ward) piece of structure needed to define the unitization. 


e The associator has components axyz on objects of So, and when either X,Y or Z is L we 
define it to be the appropriate identity morphism of the tensor of the remaining two objects. 
Naturality of œ is ensured by these choices. This also ensures that the pentagon axiom for 4 
objects X,Y, Z, W trivially holds either because X,Y, Z,W are all in So (and thus the pentagon 
axiom is true in the semigroupal structure of So) or because the pentagon is made of identities. 


e The last bit of structure that we have to assess is the ‘triangle axiom’ for a monoidal structure: 
the triangle 


X @" (L @"Y) iss (X@" L) @"Y 


TS we (A.6) 


Xe" Y 


must commute as it is composed by identities, and reasoning with a similarly straightforward 
case analysis, we conclude it does. 


We have exhibited a construction for the unitization of a semigroupal category S; we still have to prove 
that this is a functor (but this is obvious: each semigroupal functor H : S + S’ induces a monoidal 
functor coinciding with H on Sp and sending Ls to Ls), and its universal property. For the latter, 
we have to check that there is an isomorphism 


SgCat(S, U M) S MonCat(S", M) (A.7) 


between the category of strong semigroupal functors S — UM into a monoidal category, and the 
category of strong monoidal functors S“ + M, when both categories are equipped with semigroupal 
and monoidal natural transformations respectively. 

At the level of the underlying categories, (_)" acts as the ‘Maybe’ functor, and Mo is a pointed 
object in Cat (by the monoidal unit, Im : 1 => M) so that H : S > UM induces a unique functor 
Ê : Sa+1 —> Mo; this functor is now preserving the tensor product on Sp (because H was semigroupal 
to start with), and it is forced by the universal property of ‘Maybe’ to send L into Im, so strictly 
speaking it becomes a normal strong monoidal functor (=strictly preserving the identity). 


Proof of Theorem 2.16. Let S = (So,_° _) be a semibicategory as in Definition 2.15; define FS as 
follows: 


e (F S)o is the same class of objects of S; 


e for each X € So, we apply to the category S(X, X) the construction of A.1; thus, each semi- 
groupal category S(X, X) is unitized into S(X, X)". 
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the composition functors are defined as in S when X,Y, Z are such that neither Y = Z or X = Y, 
which means that in such case we take the same 


-oxyz -: S(Y, Z) x S(X, Y) —> S(X, Z) (A.8) 
as composition maps. When X = Y instead we define 


-ou xX XxZ -: S(X, Z) x (S(X, X) +1) = S(X, Z) x S(X, X) + S(Y, Z) x 1 —> S(X, Z) 
(A.9) 
via the coproduct map of _oxxz - and the right unitor of (Cat, x). We act similarly to define 


_ouxyvy -: (S(Y,Y) +1) x S(X, Y) & S(Y,Y) x S(X,Y) +1 x S(X,Y) —+S8(X,Y) 
(A.10) 
using the coproduct map of -oyyy - and the left unitor of (Cat, x). 


Clearly, all _oxyz - so defined are functors. 


The components of the associator a" when either f,g or h is the ‘dummy identity’ in a S(X, X) 
reduce to the identity 2-cells of the remaining two objects, considering how we defined the com- 
position operation; on all other components, a" = a. Again, these choices ensure the naturality 
of a". 


Clearly, any strong semigroupal functor H : S + T induces a strong monoidal unctor H" : S" > 
T”, that coincides with H on S => S". 


It remains to show the universal property. A pseudofunctor H : S — B from a semibicategory to a 
bicategory must induce a pseudofunctor S" — T: at the level of objects nothing has changed; each 
hom-functor 


Hxy : S(X,Y) —> B(HX, HY) (A.11) 


with X # Y is also unchanged, and since each B(H X, HX) is a monoidal category (hence, in particular, 
a pointed category) the functor H extends to HY y : S(X, X)" > B(HX, HX); it is easily seen that 


this extension is to a strong monoidal functor. 
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